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REFLECTION FUSION CATEGORIES
PAVEL ETINGOF AND CE´SAR GALINDO
Abstract. We introduce the notion of a reflection fusion cate-
gory, which is a type of a G-crossed category generated by objects
of Frobenius-Perron dimension 1 and
√
p, where p is an odd prime.
We show that such categories correspond to orthogonal reflection
groups over Fp. This allows us to use the known classification of
irreducible reflection groups over finite fields to classify irreducible
reflection fusion categories.
1. Introduction
In this paper we introduce the notion of a reflection fusion cate-
gory and give a classification of such categories which are irreducible.
Namely, a reflection fusion category is a faithful G-crossed fusion cate-
gory B whose invertible objects all sit in the trivial component Be and
form an elementary abelian p-group V (for an odd prime p) with a
nondegenerate braiding (quadratic form on V ), such that B is tensor
generated by objects of Frobenius-Perron dimension 1 and
√
p. The last
condition is the most important one, and results in G being realized as
an orthogonal reflection group acting on V , with objects of dimension√
p corresponding to reflections. More precisely, each element g of the
reflection group G gives rise to an invertible module category ρ(g) = Bg
over Be (i.e., an element of the Picard group Pic(Be)), and this assign-
ment defines a morphism of 3-groups G → Pic(Be). This shows that
the property of a group to be generated by reflections has a natural
interpretation in the theory of tensor categories; namely, the notion
of a reflection fusion category is a kind of categorification (or even 2-
categorification) of the notion of a reflection group, which motivates
our terminology.
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We say that a reflection fusion category B is irreducible if Be has no
nontrivial G-invariant tensor subcategories. We show that irreducible
reflection categories give rise to irreducible reflection groups acting on
V . Since irreducible orthogonal reflection groups over fields of positive
characteristic have been classified, we are able to classify irreducible
reflection categories. Namely, we have to analyze the obstructions
O3(ρ) ∈ H3(G, V ) and O4(ρ,M) ∈ H4(G, k×) where M ∈ H2(G, V )
that arise in the construction of the G-crossed extension of Be (cf.
[ENO05], Sections 7, 8). It is easy to see that O3(ρ) always vanishes,
and O4(ρ,M) also usually vanishes since O4(ρ, 0) vanishes (as shown in
the Appendix) and the group H2(G, V ) is usually zero. This allows us
to show that for each irreducible orthogonal reflection group there is a
unique reflection category (up to twisting by an element of H3(G, k×),
with a small number of exceptions.
The organization of the paper is as follows. In Section 2 we discuss
preliminaries on fusion categories and G-crossed categories. In Section
3 we discuss preliminaries on quadratic forms and orthogonal groups
over finite fields, and give the classification of irreducible orthogonal re-
flection groups over Fp, using the known classification of irreducible re-
flection groups over a finite field (up to extension of scalars). In Section
4 we introduce the notion of a reflection fusion category and show that
such a category gives rise to an orthogonal reflection group over a finite
field. In Section 5 we classify irreducible reflection categories using the
classification of irreducible orthogonal reflection groups. Finally, in the
Appendix it is shown that if C is a pointed fusion category whose simple
objects form an elementary abelian p-group V (p > 2) then any homo-
morphism ρ : G → O(V ⊕ V ∗) gives rise to a canonical G-extension
of C, and if C is equipped with a nondegenerate braiding defined by
a quadratic form Q on V then any homomorphism ρ : G → O(V,Q)
gives rise to a canonical G-crossed extension of C.
2. Preliminaries on fusion categories and G-crossed
fusion categories
2.1. Fusion categories. In this section we recall some basic defini-
tions and standard notions. Much of the material here can be found in
[DGNO10] and [EGNO15a].
Let k be an algebraically closed field of characteristic zero. By a
fusion category we mean a k-linear semisimple rigid tensor category C
with finitely many isomorphism classes of simple objects, finite dimen-
sional spaces of morphisms and such that 1, the unit object of C, is
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simple. By a fusion subcategory of a fusion category we mean a full
tensor abelian subcategory.
For a fusion category C we denote by Irr(C) the set of isomorphism
classes of simple objects in C. The cardinality of Irr(C) is called the
rank of C.
For a fusion category C, we will denote by Inv(C) the group of iso-
morphism classes of invertible simple objects of C. A fusion category
is called pointed if every simple object is invertible.
The Grothendieck ring of a fusion category C will be denoted K0(C).
There exists a unique ring homomorphism FPdim : K0(C) → R such
that FPdim(X) > 0 for any X ∈ Irr(C), see [EGNO15a, Proposition
3.3.6]. The Frobenius-Perron dimension of a fusion category C is defined
as
FPdim(C) =
∑
X∈Irr(C)
FPdim(X)2.
A fusion category B is called braided if it is endowed with a natural
isomorphism
cX,Y : X ⊗ Y → Y ⊗X, X, Y ∈ C,
satisfying the hexagon axioms, see [JS93].
A braided fusion category is called Tannakian if B ∼= RepG as
braided fusion categories, for some finite group G, where the braid-
ing in RepG is the usual one V ⊗W → W ⊗ V, v ⊗ w 7→ w ⊗ v.
A braided fusion category (B, c) is called non-degenerate if the unique
simple object X ∈ B such that cY,XcX,Y = idX⊗Y , for all objects
Y ∈ B is the unit object. For spherical braided fusion categories,
non-degeneracy is equivalent to modularity, i.e., the invertibility of the
S-matrix, see [DGNO10].
2.2. G-crossed fusion categories and homotopy theory. In this
subsection, we will recall the definition of G-crossed fusion category in
the sense of Turaev [Tur10, Tur00] and some of the results of [ENO10]
about the construction of G-crossed fusion categories.
2.2.1. The Picard group of a braided fusion category. Let C be a fusion
category. A C-module category is a semisimple k-linear abelian category
M equipped with
(1) a k-bilinear bi-exact bifunctor ⊗ : C ×M→M;
(2) natural associativity and unit isomorphisms
mX,Y,M : (X ⊗ Y )⊗M → X⊗(Y⊗M), λM : 1⊗M →M,
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such that
mX,Y,Z⊗M mX⊗Y,Z,M = (idX⊗mY,Z,M) mX,Y⊗Z,M(aX,Y,Z⊗idM),
(idX⊗lM)mX,1,M = idX⊗M ,
for all X, Y, Z ∈ C,M ∈M. We will denote by B-Mod, the 2-category
of module categories over B, see [EGNO15a] for more details.
Let B be a braided fusion category. In [ENO10] the tensor product
M ⊠B N of B-module categories M and N was defined. With this
tensor product, the 2-category B-Mod has a structure of monoidal 2-
category, in the sense of [GPS95]. A B-module category M is called
invertible if there exists a module category N and equivalences
M⊠B N ∼= B and N ⊠BM∼= B.
We will denote by Pic(B) the monoidal 2-subcategory of B-Mod,
where objects are invertible B-module categories, 1-arrows are equiva-
lences of B-module categories and 2-arrows are B-module natural iso-
morphisms. The Picard group Pic(B) is the 2-truncation of Pic(B),
that is, the set of equivalence classes of invertible B-module categories
with product ⊠B.
If B is non-degenerate, the 1-truncation Pic(B) of Pic(B) is a categor-
ical group monoidally equivalent to Autbr⊗ (B), the monoidal category
of braided auto-equivalences of B and arrows monoidal natural iso-
morphisms, [ENO10, Theorem 5.2]. In particular, for non-degenerate
braided fusion categories Pic(B) is isomorphic to Autbr⊗ (B), the group
of equivalence classes of braided tensor autoequivalences.
2.2.2. G-crossed fusion categories. Let G be a finite group and let C
be a fusion category. A (faithful) G-grading on C is a decomposition
C = ⊕g∈GCg, such that Cg ⊗ Ch ⊆ Cgh and Cg 6= 0 for all g, h ∈ G.
We will denote by G the discrete monoidal category with Obj (G) =
G and monoidal structure defined by the multiplication of G. An action
of G on C is a monoidal functor G → Aut⊗(C), where Aut⊗(C) is the
monoidal category of monoidal autoequivalences of C and monoidal
natural isomorphisms with tensor product given by composition of
monoidal functors.
Let T : G → Aut⊗(C) be an action of a group G on C. Given
X, Y ∈ Ob(C) and f : X → Y , we will denote by g∗(X) and g∗(f) the
image of X and f under the functor T (g).
Definition 2.1. A (faithful) G-crossed fusion category is a fusion cat-
egory C equipped with the following structures:
(i) an action of G on C,
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(ii) a faithful grading C = ⊕g∈GCg,
(iii) isomorphisms
cX,Y : X ⊗ Y → g(Y )⊗X, g ∈ G,X ∈ Cg, Y ∈ C,
natural in X and Y . The isomorphisms cX,Y are called the
G-braiding.
This structures should satisfy the following conditions:
(a) g∗(Ch) ⊆ Cghg−1 , for all g, h ∈ G,
(b) The diagrams
g∗(X⊗Z) g∗(h∗(Z)⊗X)
g∗(X)⊗g∗(Z) (ghg−1)∗g∗(Z)⊗g∗(X)
can
g∗(cX,Z)
can
cg∗(X),g∗(Z)
commute for all X ∈ Ch, Z ∈ C, g, h ∈ G.
(c) The diagrams
X⊗Y⊗Z g∗(Y⊗Z)⊗X
g∗(Y )⊗X⊗Z g∗(Y )⊗g∗(Z)⊗X
cX,Y⊗Z
cX,Y⊗id Z can
id g∗(Y )⊗cX,Z
commute for all X ∈ Cg, Y, Z ∈ C and the diagrams
X⊗Y⊗Z (gh)∗(Z)⊗X⊗Y
X⊗h∗(Z)⊗Y g∗h∗(Z)⊗X⊗Y
cX⊗Y,Z
id X⊗cY,Z can
cX,h∗(Z)⊗id Y
commute for all X ∈ Cg, Y ∈ Ch, Z ∈ C, g, h ∈ G.
The isomorphisms can are the natural isomorphisms constructed using
the natural isomorphisms of the action of G on C.
The definition of equivalence for G-crossed monoidal categories can
be found in [Gal17, Section 5.2].
From now on by a G-crossed fusion category we will understand a
faithful G-crossed fusion category.
In [ENO10, Theorem 7.12] it was proved that there is a correspon-
dence between equivalence classes of (faithful) G-crossed fusion cate-
gories C with Ce = B and equivalence classes of homomorphisms from
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the discrete monoidal 2-categoryG to Pic(B), or equivalently homotopy
classes of maps from BG to BPic(B).
In order to construct all maps from G to Pic(B) we can use obstruc-
tion theory, see [ENO10, Section 8]. First we fix a group homomor-
phism ρ : G→ Pic(B). The obstruction to the existence of a monoidal
functor ρ˜ : G→ Pic(B), whose truncation is ρ is given by the element
O3(ρ) ∈ H3(G, Inv(B)). In case that O3(ρ) vanishes, the equivalence
classes of liftings of ρ form a non-empty torsor over H2(G, Inv(B)).
Now, once a monoidal functor ρ˜ : G → Pic(B) is fixed, again the ob-
struction to the existence of a homomorphism ˜˜ρ : G → Pic(B) whose
truncation is ρ˜ is given by the element O4(ρ˜) ∈ H4(G, k×). In case that
O4(ρ˜) vanishes, the equivalence classes of liftings of ρ˜ form a non-empty
torsor over H3(G, k×).
Following [DPR90], we define for each ω ∈ Z3(G; k×), the maps
γg,h(x) :=
ω(g, h, x)ω(ghx, g, h)
ω(g, hx, h)
, µg(x, y) :=
ω(gx, g, y)
ω(gx,g y, g)ω(g, x, y)
.
for all g, h, x, y ∈ G.
The next proposition describes explicitly the action of H3(G, k×) on
the set of G-crossed fusion categories.
Proposition 2.2. Let B = ⊕g∈GBg be a G-crossed fusion category with
G-action
(g∗, ψg) : B → B, φ(g, h) : (gh)∗ → g∗ ◦ h∗,
for all g, h ∈ G. For each ω ∈ Z3(G, k×) we can define a new G-crossed
fusion category Bω. As G-graded k-linear abelian category Bω = B,
associativity constraint and G-braiding
aωXg ,Xh,Xk := ω(g, h, k)aXg,Xh,Xk , c
ω
Xg,Xh
:= cXg ,Xh,
and G-action g∗ : B → B with the natural isomorphisms
ψωg (Vx ⊗ Vy) := µg(x, y)ψh(Vx ⊗ Vy),
φω(g, h)(Vx) := γg,h(x)φ(g, h)(Vx),
for all Vg ∈ Bg, Vx ∈ Bx, Vy ∈ By, g, x, y ∈ G. Moreover, for ω, ω′ ∈
Z3(G, k×), we have that Bω is equivalent to Bω′ as G-crossed fusion
categories if and only if ω and ω′ are cohomologous.
Proof. It is a straightforward computation that follows from the 3-
cocycle condition of ω.

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Let B and D be G-crossed fusion categories. We will say that B and
D are twist equivalent if there is ω ∈ Z3(G, k×) such that Bω and D
are equivalent as G-crossed fusion categories.
3. Finite reflection groups over finite fields
A quadratic form on a vector space V over a field F is a function
Q : V → F such that
(i) Q(αv) = α2Q(v), v ∈ V, α ∈ F,
(ii) Q(v + u)−Q(v)−Q(u) is F-bilinear in v and u.
If B is a symmetric bilinear form on V , the associated quadratic
form Q : V → F is defined by Q(v) := B(v, v). If F has characteristic
different from 2,
B(u, v) =
1
2
[Q(v + u)−Q(u)−Q(v)],
and the bilinear form B is completely determined by the quadratic
form Q. The quadratic form Q is called non-degenerate if B is non-
degenerate.
A (finite) quadratic space is a pair (V,Q) where V is a finite dimen-
sional vector space and Q a non-degenerate quadratic form on V .
A map f : (V,QV ) → (W,QW ) between quadratic spaces is said to
be an isometric isomorphism if
(i) f : V →W is a linear isomorphism,
(ii) QW (f(v)) = QV (v) for all v ∈ V .
The orthogonal group of (V,Q) is the group of isometric isomorphisms
from a quadratic space to itself, that is,
O(V,Q) := {f ∈ GL(V ) : Q(f(v)) = Q(v), ∀v ∈ V }.
3.1. Quadratic spaces over finite fields. In this section all vector
spaces will be over a finite field Fq, a field of q = p
k elements, p an odd
prime.
A quadratic space is said to be isotropic if there is a non-zero vector
on which the form evaluates to zero. Otherwise the quadratic form is
anisotropic.
A 2-dimensional quadratic space L is called a hyperbolic plane if it
has a basis {u, v} with Q(u) = Q(v) = 0 and B(u, v) = 1.
For a fixed dimension there are exactly two isomorphism classes of
quadratic spaces, [Gro02, Corollary 4.10]. Representatives of each class
are
(Fnq , Q1), Q1(x1, . . . xn) =
n∑
i=1
x2i ,(3.1)
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and
(Fnq , Qα), Qα(x1, . . . xn) = αx
2
1 +
n∑
i=2
x2i ,(3.2)
where α ∈ F×q is a non-square element.
We write F×2 = {a2|a ∈ F×}, the subgroup of all squares in F×.
If B is a non-degenerate symmetric bilinear form on V and Bˆ is a
representing matrix, the discriminant is defined as
Discr(B) := det(Bˆ)F×2 ∈ F×/F×2 ∼= Z/2Z.
The dimension of V and the discriminant are complete invariants for
quadratic spaces.
If (V,Q) is a quadratic space of odd dimension, and d ∈ F× is a
non-square, the quadratic space (V, dQ) has Discr(dQ) = dDiscr(Q),
that is, (V, dQ) is non-isomorphic to (V,Q) and
O(V,Q) = O(V, dQ).
Thus, in odd dimension the orthogonal groups will be denoted just by
O(2n+ 1, q).
In even dimension a quadratic space (V,Q) can be written as a direct
orthogonal sum:
V = L1 ⊕ L2 ⊕ · · · ⊕ Lm ⊕W,
where the Li’s are hyperbolic planes and W is the zero space or an
anisotropic plane. If W = 0, the orthogonal group O(V,Q) is denoted
by O+(2n, q), otherwise O(V,Q) is denoted by O−(2n, q). The groups
O+(2n, q) and O−(2n, q) have different orders.
3.2. Orthogonal reflection groups and their twisted forms. In
this subsection we will recall some basic notions about reflection groups.
We will denote by V a finite dimensional vector space over a field
F of characteristic zero or p > 2 and B a non-degenerate symmetric
bilinear form on V .
Let a ∈ V with B(a, a) 6= 0. As usual, we define ra ∈ O(V,Q), the
reflection along a by
ra(v) = v − 2B(v, a)
B(a, a)
v, for all v ∈ V,
where B is the bilinear form associated to Q.
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Definition 3.1. Let (V,Q) be a quadratic space. A (finite) orthogonal
reflection group in (V,Q) is a (finite) subgroup of O(V,Q) generated
by reflections. An orthogonal reflection group G ⊂ O(V,Q) is called
irreducible if V is an irreducible representation of G.
Let Fq be a finite field, and let L be an extension field of Fq. If V
is a vector space over Fq, we will denote V ⊗Fq L by VL. If (V,Q) is a
quadratic space over Fq, we will denote by (VL, qL) the quadratic space
on VL with quadratic form qL := q ⊗Fq id L.
For a group G (not necessary finite), and a field F, the category of F-
linear orthogonal representations of G will be denoted by O-Rep(G,F).
The objects of O-Rep(G,F) are pairs ((V,Q), ρ), where (V,Q) is a
quadratic space over F and ρ : G→ O(V,Q) is a group homomorphism.
A morphism f : ((V,QV ), ρV ) → ((W,QW ), ρW ) is a G-linear map
f : V →W such that QW ◦ f = QV .
If ρ : G → O(V,Q), is an orthogonal representation and F ⊂ L
is a field extension, we will denote ρL the orthogonal representation
ρL(g) = ρ(g)⊗F id L over the quadratic space (VL, QL). Two orthogonal
representations ρ and ρ′ are called twisted forms of each other if ρF
∼=
ρ′
F
, where F is an algebraic closure of F.
Proposition 3.2. Every irreducible orthogonal reflection group over a
finite field has a unique non-isomorphic twisted form.
Proof. It follows from [Bou02, Propostion 1, §2] that any irreducible
reflection representation is absolutely irreducible, that is, EndG(V ) =
Fq. By the general theory of Galois Descent, twisted forms are classified
by H1(Gal(Fq/Fq),Aut(ρF)), see [Ber10, Theorem III.8.15]. We have
that
Aut(ρFq) = {id VFq ,−id VFq} ∼= Z/2,
hence H1(Gal(Fq/Fq),Aut(ρF))
∼= Z/2Z. 
Remark 3.3. Given an absolutely irreducible orthogonal representation
(ρ, (V,Q)) of G and a non-square element α ∈ Fq, the orthogonal rep-
resentation (ρ, (V, αQ)) is a non-isomorphic twisted Fq-form. In fact,
since ρ is absolutely irreducible, if f : (ρ, (V,Q)) → (ρ, (V, αQ)) is an
isomorphism, we must have that f = βid V and αQ(v) = Q(βv) for all
v ∈ V . The last equation implies that α = β2, a contradiction if α is a
non-square element.
3.3. Orthogonal irreducible reflection groups over Fp. For fu-
ture applications, in this section we will present the classification of
irreducible orthogonal reflection groups, based on the classification of
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irreducible reflection groups over finite fields ( see [ZS80] and[Wag81])
and [MS04, Theorem 3.1].
3.3.1. Reflection groups of orthogonal type. If (V,Q) is a quadratic
space over Fq, the full orthogonal group O(V,Q) is an irreducible reflec-
tion group, [Art57, Theorem 3.20]. For dim(V ) > 1, the group O(V,Q)
has two conjugacy classes of reflections, each of which generates an ir-
reducible reflection group.
If dim(V ) is even then these two groups are conjugate under GL(V )
and we will denote them by O±i (2n, q) ⊂ O±(2n, q). If dim(V ) is odd,
the groups are not isomorphic. One of them, O1(2n+ 1, q), has center
{id V ,−id V }, and the other one, O2(2n+ 1, q), has trivial center.
3.3.2. Reflection groups of type An,p. The symmetric group Sn+2 acts
on
V = {(x1, . . . , xn+2) ∈ Fn+2p :
∑
i
xi = 0},
by permuting the coordinates. If p|n+ 2 and n > 2, the 1-dimensional
subspace W = SpanFp{(1, . . . , 1)} ⊂ V is invariant and the quotient
V/W is an n-dimensional irreducible faithful representation of Sn+2.
This representation of Sn+2 will be called An,p.
3.3.3. Modular reduction of reflection groups of Coxeter type. Finite re-
flection groups over Euclidean spaces are Coxeter groups and they arise
from root systems. We will follow [Kan01, page 93] for the notation
and realization of the irreducible root systems.
Let G = 〈r1, . . . , rn〉 be an irreducible (crystallographic) finite re-
flection group with root system An(n ≥ 1), Bn(n ≥ 2), Dn(n ≥ 4), En
(n = 6, 7, 8), or F4. For any odd prime p, the reduction of G mod
p, denoted by Gp is the subgroup of GLn(Fp) generated by the modu-
lar images of the reflections ri’s. These reductions will be denoted by
An,p, Bn,p, En,p, and F4,p.
For An, if p|n + 1, the reduction is not irreducible (see the case
An,p). Analogously to An,p, the reflection representation of the Weyl
group of type E6 over F3 has a one dimensional invariant subspace,
and the quotient by this subspace is a faithful 5-dimensional irreducible
representation of this group, giving a reflection group which we denote
by E5,3. However, E5,3 ∼= O2(5, 3), which is why we will assume p > 3
for E6.
The root systems of H3 and H4 can be defined over Z[e
pii/5] and their
discriminants are 3 − √5 and (7 − √5)/2, respectively, see [Hum90,
Table 1, page 33]
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Let p be a prime number and pZ[epii/5] ⊂ m ⊂ Z[epii/5] a maximal
ideal, then Kp = Z[e
pii/5]/m is a finite field of characteristic p. The
reduction of Hi (i = 3, 4) modulo p, denoted by Hi,p, is the image of
W (Hi) (the reflection group associated to the root system) under the
map ρi : W (Hi) ⊂ GLn(Z[epii/5]) → GLn(Kp). If p > 2, then ρi is
injective.
It follows from the realization of the root systems of Hi (i = 3, 4)
given in [Kan01, page 95] that a set of generating reflections is given
by
H3,p =
〈
r(α,α−1,−1), r(−α,α−1,1), r(1,−α,α−1)
〉
,
H4,p =
〈
r(α,α−1,−1,0), r(−α,α−1,1,0), r(1,−α,α−1,0), r(1,0,−α,α−1)
〉
,
where α ∈ Kp, α2 − 3α+ 1 = 0.
Proposition 3.4. Let p be an odd prime. The reflection representation
of Hi,p (i = 3, 4) can be realized over Fp if and only if p = 5 or p > 5
and
(3.3) p2 − 1 = 0 mod 5.
Proof. We have that
Tr(r(α,α−1,−1)r(−α,α−1,1)) = Tr(r(α,α−1,−1,0)r(−α,α−1,1,0))
= α− 2.
Hence, if the reflection representation can be realized over Fp, there is
β ∈ Fp such that β2 − β + 1 = 0. Thus, we have p ≥ 5. For p = 5,
α = 4 ∈ F5, defines a realization of the reflection representation of Hi
(i = 3, 4). If p > 5, the quadratic reciprocity implies that x2−x+1 has
a root in Fp if and only if condition (3.3) holds. Conversely, let β ∈ Fp,
with β2−β+1 = 0, then α = β+2 ∈ Fp satisfies α2−3α+1 = 0, that is,
α defines a realization of the reduction of the reflection representation
of Hi over Fp. 
Remark 3.5. • Let p > 5, p2−1 = 0 mod 5, and let ζ ∈ Fp is a root
of 5. The discriminants of the symmetric bilinear forms of the
reductions of H3 and H4 are 3− ζ and (7− 3ζ)/2, respectively.
Thus, the reduction mod p is non-degenerate. These reductions
will be denoted by Hζi,p.
• The choice of the square root of 5 in the reduction of H3 affects
the isomorphism class of the associated quadratic space. For
instance, he discriminant of H93,19 is 3, and 3 does not have a
square root modulo 19. On the other hand, the discriminant
12 PAVEL ETINGOF AND CE´SAR GALINDO
of H103,19 is 6, and 5 is a square root of 6 modulo 19. Thus the
reflection groups H93,19 and H
10
3,19 are defined on non-equivalent
quadratic spaces.
• If p = 5, the reductions Hi,5 also admit an invariant symmetric
bilinear form. Moreover, H3,5 ∼= O1(3, 5) and H4,5 ∼= O+(4, 5),
see [ZS80, 0.11]. For this reason we have assumed p > 5 for Hi,p
in Table 1.
Finally, let us discuss the reductions of Coxeter groups of rank 2.
Proposition 3.6. Let (V,Q) be a quadratic plane over Fp and G ⊂
O(V,Q) an irreducible reflection group. Then G is a dihedral group of
order 2d, where d|p−1 if (V,Q) is a hyperbolic plane or d|p+1 if (V,Q)
is an anisotropic plane.
Proof. The proposition follows from the description of the orthogonal
groups of quadratic planes, see [Gro02].
Namely, if V is a hyperbolic plane then SO(V,Q) ∼= F×p and every
f ∈ O(V,Q) with det(f) = −1 is a reflection. Moreover, O(V,Q) is
a semidirect product SO(V,Q)⋊ 〈ru〉 for any reflection ru ∈ O(V,Q).
The group O(V,Q) is isomorphic to the dihedral group of order 2(p−1).
In order to describe O(V,Q) for an anisotropic plane, consider γ ∈ Fp
a non square element. Let Fp2 := Fp(
√
γ), Then Fp2 is a two dimen-
sional Fp-space and the norm map
N : Fp2 → Fp, a+ b√γ 7→ a2 − b2γ,
is an anisotropic quadratic form. Each c ∈ K with N(c) = 1 defines a
map ρc ∈ SO(Fp2, N) via
ρc : Fp2 → Fp2, v 7→ cv.
In fact, this correspondence defines an isomorphism SO(Fp2, N) ∼=
ker(N |K∗). Thus SO(Fp2, N) is a cyclic group of order p+ 1.
The map
τ : Fp2 → Fp2, a+ b√γ 7→ a− b√γ
is an orthogonal reflection. The group O(V,N) is a semidirect product
SO(V,N)⋊ 〈τ〉. Hence O(V,N) is isomorphic to the dihedral group of
order 2(p+ 1).
Now the proposition follows easily from the description of the sub-
groups of a dihedral group. 
The reflection groups constructed in the previous proposition will be
denoted by I2,p(d).
REFLECTION FUSION CATEGORIES 13
3.3.4. Classification theorem.
Theorem 3.7. Suppose G ⊂ O(V,Q) is a finite irreducible group gen-
erated by orthogonal reflections over the finite field Fp, with p an odd
prime. Then, G is a twisted form of
(a) the reduction mod p of a finite irreducible Coxeter group; or
G dim(V ) Conditions on p
An,p n ≥ 1 p 6 | n+ 1
Bn,p n ≥ 3
Dn,p n ≥ 4
E6,p 6 p 6= 3
E7,p 7
E8,p 8
F4,p 4
Hζ3,p, 3 p > 5 and p
2 − 1 ≡ 0 mod 5
Hζ4,p 4 p > 5 and p
2 − 1 ≡ 0 mod 5
Hζ4,p 4 p > 5, p
2 − 1 ≡ 0 mod 5
I2,p(d) 2 d|p ± 1. If (V,Q) is anisotropic
d|p + 1 and d|p − 1 in the other
case.
Table 1. Irreducible Coxeter reflection groups over Fp.
(b) An,p ∼= Sn+2 , when p|(n+ 2); or
(c) the full orthogonal group O(V,Q), or its subgroups O1(V,Q) or
O2(V,Q).
Proof. Let G ⊂ O(V,Q) ⊂ GL(V ) be an irreducible reflection group.
Since O(V,Q) contains no non-trivial transversions, the classification
of irreducible reflection groups over finite fields (up to scalar extension)
can be applied, see [ZS80] and [Wag81].
We need to see what groups in the main Theorem of [ZS80] admit a
non-zero symmetric G-invariant bilinear form. It follows from [MS04,
Theorem 3.1] that the groups Gp(m,m, n), Gp(2m,m, n), [EJ3(5)]
3 and
[J4(4)]
3 do not admit non-zero invariant bilinear forms. By definition,
the groups of orthogonal type have a non-zero invariant bilinear form.
Under the restriction of Table 1, the induced canonical bilinear forms
of the reductions mod p of finite Coxeter groups are non-zero. For
the case An,p, we will follow the notation of Subsection 3.3.2. A basis
of V ⊂ Fn+2p is given by {vi := ǫi − ǫi+1 : 1 ≤ i < n + 2}, where
{ǫj : 1 ≤ j ≤ n + 2} is the canonical orthogonal basis of Fn+2p . Thus
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v1 + 2v2 + . . . + (n + 1)vn+1 = 0 modulo W :=SpanFp{(1, . . . , 1)} and
{vi := ǫi− ǫi+1 : 1 ≤ i ≤ n} is a basis of V/W . Hence the discriminant
of the canonical associated bilinear form on V/W is n + 1 = −1 ∈
Fp. 
4. Reflection fusion categories
4.1. Braided pointed fusion categories and metric groups. Let
(B, c) be a pointed braided fusion category. Then the set of isomor-
phism classes of simple objects of B forms a finite Abelian group A. If
A has odd order, there exists a bicharacter β : A× A→ k× such that
C ∼= VecβA as braided fusion categories, where VecβA is the braided fusion
category of finite-dimensional G-graded vector spaces with braiding de-
fined by cka,kb = β(a, b)id kab.
The function
Q : A→ k×, a 7→ β(a, a),
is a quadratic form on A, that is, Q(−a) = Q(a) and
B(a, a′) =
Q(a+ a′)
Q(a)Q(a′)
, a, a′ ∈ A,
defines a bicharacter.
Following [DGNO10], we say that a pre-metric group is a pair (A,Q),
where A is a finite abelian group and Q : A→ k× is a quadratic form.
A pre-metric group is called metric is the associated bicharacter is
non-degenerate or equivalently the associated braided fusion category
is non-degenerate.
A morphism of pre-metric groups (A1,Q1) → (A2,Q2) is a homo-
morphism ψ : A1 → A2 such thatQ2(ψ(a)) = Q1(a) for all a ∈ A1. The
group of all automorphisms of a metric group (A,Q) will be denoted
as O(A,Q) and called the orthogonal group of (A,Q).
Let A be an elementary abelian p-group, where p is an odd prime.
Once a primitive p-th root of unity ζ ∈ k× is fixed, the formula
Q(a) = ζQ(a), ∀a ∈ A,
defines a bijective correspondence between metric groups over k× of the
form (A,Q) and quadratic spaces (A,Q), where A is seen as a vector
space over Fp. Hence, there is a bijective correspondence between non-
degenerate pointed braided fusion categories D with Inv(D) = A and
quadratic spaces (A,Q) over Fp.
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4.2. Reflection fusion categories. Let (A,Q) be a quadratic space
over Fp. We will denote by Vec(A,Q) the non-degenerate pointed braided
fusion category associated to (A,Q). It follows from [ENO10, Theorem
5.2] that Pic(Vec(A,Q)) = O(A,Q).
Let C be a fusion category and S = {Xi}i∈I a set of objects. We will
say C is tensor generated by S if for every simple object Y ∈ C, there are
X1, . . .Xl ∈ S (possibly with repetitions) such that Y ⊂ X1⊗· · ·⊗Xl.
Definition 4.1. Let B be a G-crossed fusion category where Be is a
non-degenerate pointed braided fusion category with Inv(Be) an ele-
mentary abelian p-group.
We will say that B is a reflection fusion category if
(1) Inv(B) = Inv(Be), and
(2) B is tensor generated by Inv(B) and simple objects of FP-
dimension
√
p.
Lemma 4.2. Let B be a G-crossed fusion category where Be = Vec(A,Q)
is a non-degenerate pointed braided fusion category. Let Tg ∈ O(A,Q)
be the isometric automorphism associated to Bg. Then all simple objects
in Bg have FP-dimension | Im(id A − Tg)|1/2.
Proof. Since Be is pointed and Bg is an indecomposable module cate-
gory, Inv(Be) acts transitively on Irr(Bg). In particular, all simple ob-
jects in Bg have the same dimension. Let X ∈ Irr(Bg) and Stab(X) =
{Y ∈ Inv(Be) : Y ⊗ X ∼= X}. Since FPdim(Bg) = FPdim(Be),
we have that FPdim(X)2 = | Stab(X)|. It follows from [DN13, Re-
mark 5.7], that | Stab(X)| = | Im(id A − Tg)|. Then, FPdim(X) =
| Im(id A − Tg)|1/2.

Theorem 4.3. Let B be a G-crossed fusion category where Be is a non-
degenerate pointed braided fusion category with Inv(Be) an elementary
abelian p-group. Then G is a reflection group in Pic(Be) if and only if
B is a reflection fusion category.
Proof. Let Be = Vec(A,Q), where (A,Q) is the associated quadratic
space over Fp. The element Tg ∈ O(A,Q) = Pic(Be) is trivial if and
only if Bg contains an invertible object. Then the group homomorphism
G→ Pic(Be), g 7→ [Bg],
is injective if and only if condition (1) in the definition of reflection
fusion category holds.
Now, let
S = {g ∈ G : Tg ∈ O(A,Q) is a reflection}.
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We will see that
S = {g ∈ G : Bg contains a simple object with FPdim(X) = √p}.
It follows from Lemma 4.2 that the objects in Bg have FP-dimension√
p if and only if dimFp(Im(id A − Tg)) = 1. Since Tg ∈ O(A,Q), the
condition dimFp(Im(id A − Tg)) = 1 is equivalent to being a reflection.
In conclusion, Tg is a reflection if and only if B has a simple object of
FP-dimension
√
p.
We will see that G = 〈S〉 if and only if condition (2) in the definition
of reflection fusion category holds. Let x ∈ G and Y ∈ Bx be a simple
object. If condition (2) holds, there exist Z ∈ Be and Xi ∈ Bgi , with
gi ∈ S, such that Y ⊂ Z ⊗X1 ⊗ · · ·⊗Xl. Hence Bg1 ⊗ · · ·⊗Bgl ⊂ Bx,
and g1 · · · gl = x. Thus G = 〈S〉. Conversely, assume that G = 〈S〉.
Let x ∈ G and Y ∈ Bx be a simple object. Thus there are gi ∈ S
such that x = g1 . . . gl. Let Xi ∈ Bgi be reflection objects and Y ′ ⊂
X1⊗ · · ·⊗Xl ∈ Bx a simple object. Since Inv(Be) acts transitively on
the isomorphism classes of simple objects of Bx, there is Z ∈ Inv(Be)
such that Y ∼= Z ⊗ Y ′, hence
Y ∼= Z⊗Y ′ ⊂ Z⊗X1⊗ · · ·⊗Xl,
that is, condition (2) holds. 
5. Irreducible reflection fusion categories
Definition 5.1. A G-crossed fusion category B = ⊕g∈GBg will be
called irreducible if Be does not contain non-trivial G-invariant fusion
subcategories.
Proposition 5.2. Let B be an irreducible G-crossed category with G 6=
1. The following conditions are equivalent:
(1) FPdim(Be) = pn (p an odd prime), Inv(B) = Inv(Be), and B is
generated by objects of FP-dimension 1 and
√
p.
(2) B is a reflection category.
Proof. (2) =⇒ (1) is trivial, for (1) =⇒ (2) we only need to see
that Be is a non-degenerate pointed fusion category with Inv(Be) an
elementary abelian p-group.
As a consequence of [ENO05, Theorem 8.28], we have that Inv(Be) is
non-trivial. Since B is irreducible, we have that Irr(Be) = Inv(Be), with
Inv(Be) an elementary abelian p-group, where p is an odd prime. Since
the fusion subcategory generated by all X ∈ Be such that cY,XcX,Y =
idX⊗Y is invariant for any braided auto-equivalence, we have that Be is
either non-degenerate or symmetric, with p invertible objects. But in
this case B B will have invertible objects outside Be unless G = 1, since
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the category of vector spaces is not invertible as a module category over
Be. 
The aim of this section is to classify irreducible reflection fusion cate-
gories up to twist using the results of Appendix 6 and the classification
of irreducible reflection groups over finite fields, [ZS80].
If B = ⊕g∈GBg is an irreducible reflection fusion category with Be =
Vec(A,Q), it follows from Theorem 4.3 and [ENO10, Theorem 7.12] that
G ⊂ O(A,Q) = Pic(Vec(A,Q)) is an irreducible orthogonal reflection
group.
Conversely, it follows from Theorem 6.2 that in order to classify
all irreducible G-crossed extensions of Vec(A,Q) up to twisting, we can
proceed as follows:
(1) Compute all orthogonal irreducible reflection groupsG ⊂ O(A,Q).
(2) Compute H2(G,A) and all elements L ∈ H2(G,A) such that
β(L, L) = 1 ∈ H4(G, k×), where β(L, L) is the composition of
the bicharacter β associated with Q with the cup product in
the group cohomology of G.
For each such pair (G,L) there is then a unique G-crossed extension
up to twisting by an element of H3(G, k×).
Using that Hn(G,A) = 0 for all n ≥ 1 if (|G|, |A|) = 1 and Theorem
6.2, we obtain:
Corollary 5.3. Let (A,Q) be a quadratic space over Fp and G ⊂
O(A,Q) a reflection group where H2(G,A) = 0. Then up to twist-
ing there is a unique reflection fusion category B = ⊕g∈GBg where
Be = Vec(A,Q) associated to G. In particular, this is so if p ∤ |G|.

5.1. Irreducible reflection fusion categories where p ∤ |G|. The
case G = 1 is trivial, so we will omit it and assume G 6= 1. If B =
⊕g∈GBg is an irreducible reflection category with Inv(Be) = Fp, then
G = Z/2Z and G acts on Fp by inversion (since Pic(Be) = {id ,−id }).
It follows from Lemma 4.2 that B1 has only one simple object up to
isomorphism. Hence B is a Tambara-Yamagami fusion category (see
[TY98]) with a Z/2Z-crossed structure (see [GNN09, Section 5] for a
complete description).
The next theorem classifies irreducible reflection fusion categories
B = ⊕g∈GBg, where Inv(Be) is pn and p ∤ |G|.
Theorem 5.4. Let p be an odd prime. Every irreducible reflection
fusion category B = ⊕g∈GBg with | Inv(Be)| = pn and p ∤ |G| is a
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reflection category of Coxeter type, namely its reflection group is a
twisted form of
G dim(V ) Conditions on p
An,p n ≥ 1 p 6 | (n+ 1)!
Bn,p n ≥ 3 p 6 | n!
Dn,p n ≥ 4 p 6 | n!
E6,p 6 p > 5
E7,p 7 p > 7
E8,p 8 p > 7
F4,p 4 p > 3
Hζ3,p 3 p > 5, p
2 − 1 ≡ 0 mod 5
Hζ4,p 4 p > 5, p
2 − 1 ≡ 0 mod 5
I2,p(d) 2 d|p− 1 if I2,p(d) ⊂ O+(2, p), and
d|p+ 1 if I2,p(d) ⊂ O−(2, p).
Table 2. Irreducible reflection groups over Fp with p ∤ |G|.
Proof. The theorem follows immediately from Corollary 5.3 and Theo-
rem 3.7. 
Remark 5.5. Since A3 = D3, we have excluded D3 from Table 2.
5.2. Reflection fusion categories where p| |G|. As we saw in Coro-
llary 5.3, reflection fusion categories where p does not divide the order
of G are classified up to twisting by an element of H3(G, k×) by an
orthogonal reflection group G ⊂ O(V,Q) ∼= Pic(Be). As we will see,
even if p divides |G|, in almost all cases of irreducible reflection groups
we have that H2(G, V ) = 0 and thus Corollary 5.3 applies.
The following lemma will be useful to compute H2(G, V ).
Lemma 5.6. Let G be a group and A a G-module. If there is a normal
subgroup N ⊂ G such H i(N,A) = 0 for all i ≤ n then Hn(G,A) = 0.
Proof. Let us use the short exact sequence
1→ N → G→ G/N → 1.
The associated LyndonHochschildSerre spectral sequence has E2-page
Ep,q2 = H
p(G/N,Hq(N,A)),
and it converges to the group cohomology En∞ = H
n(G,A). Since
Hq(N,A) = 0 for all q ≤ n, we have that Ep,q2 = 0 for all q ≤ n. Thus
0 = En∞ = H
n(G,A). 
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Lemma 5.7. Let G ⊂ O(V,Q) be an irreducible orthogonal reflection
group over Fp. Thus H
2(G, V ) = 0, except in the following cases:
O2(3, p) with p > 3, O2(5, 3), O2(7, 3) and O
−
2 (8, 3).
Proof. We will start case by case with the groups of Theorem 3.7.
(a) Reduction mod p of finite Coxeter groups. For the case An−1,p, we
have that V is the irreducible Specht module associated to the partition
(n− 1, 1). Thus by [BKM96, Theorem 4.1], H2(Sn, V ) = 0.
If G is one of the following groups Bn, E7, E8 and F4, we have that
−id V ∈ G. Hence H2(G, V ) = 0 by Lemma 5.6.
In the Dn,p case, the reflection group has the form A⋊ Sn, where A
is the group of automorphisms u of the vector space V = Fnp such that
u(ei) = (−1)νiei with
∏n
i=1(−1)νi = 1. The group A is isomorphic to
(Z/2Z)n−1. Hence again
H0(A, V ) = V A = 0 and H i(A, V ) = 0,
for all i > 0. It follows from Lemma 5.6 that H2(A⋊ Sn, V ) = 0.
If p > 5 and G = E6,p, we have that H
2(G, V ) = 0 since (|G|, |V |) =
0. For G = E6,5, consider S5 ⊂ G, that corresponds to the copy of
A4 in E6 which is spanned by the roots ǫi − ǫi+1, i = 3, 4, 5, 6, 7, in
[Kan01, page 94] presentation of E6. Let g ∈ S5 be an element of order
5. Hence the inclusions Z/5Z ∼= 〈g〉 ⊂ S5 ⊂ E6,5, define the group
homomorphisms
H2(E6,5, V )
j
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
f
// H2(Z/5Z, V )
H2(S5, V ),
h
77♥♥♥♥♥♥♥♥♥♥♥♥
where f and h are injective ( 〈g〉 is 5-Sylow subgroup and V is a
5-group). Note that V |S5 = P ⊕ F5, where P is the permutation rep-
resentation and F5 is the trivial representation. Now, by Shapiro’s
lemma, H2(S5, P ) = H
2(S4,F5) = 0, and H
2(S5,F5) = 0 as well (see
[BKM96]). Thus H2(S5, V ) = 0, so f is an injective map which factors
through the zero space, that is, f = 0 and then H2(E6,5, V ) = 0.
(b) An−2,p ∼= Sn, with p|n and n > 4. Following the notation in
[BKM96], we have that V is the irreducible module D(n−1,1). Thus,
it follows from [BKM96, Proposition 5.4] that H2(Sn, V ) = 0 for all
n > 3.
(c) Groups of orthogonal type. Since −id V ∈ O1(V,Q) ⊂ O(V,Q)
and V has odd order, using Lemma 5.6 we have that H2(O(V,Q), V ) =
H2(O1(V,Q), V ) = 0.
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By [MS04, Section 3.1 ], we have that excluding the cases O(3, 3)
and O+(4, 3), the derived subgroup Ω(V,Q) of O(V,Q), is a normal
subgroup of O2(V,Q) of index two. Hence we have an exact sequence
1→ Ω(V,Q)→ O2(V,Q)→ Z/2Z→ 1.
It follows from [K7¨9, K8¨0] and [Bur07, Bur08] 1 thatH2(Ω(V,Q), V ) =
0 except for the groups Ω(V,Q) ⊂ O(3, p) with p > 3, Ω(V,Q) ⊂
O(5, 3), Ω(V,Q) ⊂ O(7, 3) and Ω(V,Q) ⊂ O−(8, 3). SinceH0(Ω(V,Q), V ) =
0 and H1(Z/2Z, H1(Ω(V,Q), V )) = 0, using the LyndonHochschild-
Serre spectral sequence as in Lemma 5.6 we can conclude thatH2(G, V ) =
0, for every Oi(V,Q), different from O2(3, p) with p > 3, O2(5, 3),
O2(7, 3) and O
−
2 (8, 3).

Lemma 5.8. We have H2(O2(3, p), V ) = Fp for all p > 3 and the
squaring map H2(O2(3, p), V )→ H4(O2(3, p),Fp) is zero for all p > 3.
Proof. First we need the well known fact about the cohomology of finite
cyclic groups.
Sublemma 5.9. Let Cm be the cyclic group of order m generated by
σ and A a Cm-module. Then
Hn(Cm, A) =
{
ker(N)/ Im(1− σ), if n = 1, 3, 5, . . .
Ker (1− σ)/ Im(N), if n = 2, 4, 6, . . . .(5.1)
where N = 1 + σ + σ2 + · · ·+ σm−1
Proof of Sublemma 5.9. Let Cm be the cyclic group of order m gener-
ated by σ and A a Cm-module. The sequence
· · · ZCm ZCm ZCm ZCm Z✲N ✲σ−1 ✲N ✲σ−1 ✲
where N = 1+σ+σ2+· · ·+σm−1 is a free resolution of Z as Cm-module.
Using that Hn(Cm, A) = ExtZ[Cm](Z, A), we prove the sublemma. 
Let Ω(3, p) be the derived subgroup of O(3, p). It follows [Sah74]
that H2(Ω(3, p), V ) = 0 for p = 3, and H2(Ω(3, p), V ) = Fp for p > 3,
where V = F3p is the standard representation. Using the exact sequence
1→ Ω(3, p)→ O2(3, p)→ Z/2Z→ 1,
we can see that H2(O2(3, p), V ) = H
2(Ω(3, p), V ) = Fp.
1According to [K7¨9, K8¨0], H2(Ω(V,Q), V ) = 0 for dim(V ) > 3, except in the
cases Ω(V,Q) ⊂ O(7, 3) and Ω(V,Q) ⊂ O−(8, 3). However, according to [Bur07,
Bur08], the papers [K7¨9, K8¨0] had some mistakes. In particular, H2(Ω(V,Q), V ) 6=
0 in two more cases: Ω(V,Q) ⊂ O−(4, 9) and Ω(V,Q) ⊂ O(5, 3).
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Let G = O2(3, p). It suffices to show that the cup product combined
with inner product in V defines the zero map
H2(G, V )⊗H2(G, V )→ H4(G,Fp).
The p-Sylow subgroup of G is isomorphic to Z/pZ, and we have
H2(Z/pZ,Fp) = Fp. Moreover, it is well known that the restriction
morphism H∗(G, V ) → H∗(S, V ) is injective if S is p-Sylow in G and
V any G-module of exponent p (see [GS06, Corollary 4.2.11]). Hence
the restriction map H2(G, V ) → H2(Z/pZ, V ) is an isomorphism,
and it suffices to show that the natural bilinear map H2(Z/pZ, V ) ⊗
H2(Z/pZ, V )→ H4(Z/pZ,Fp) is zero.
Let g ∈ O2(3, p) be an element of order p. Since (id V − g)p = 0,
id V −g is nilpotent. Hence id V +g+· · ·+gp−1 = (id V −g)p−1 = 0, since
p− 1 > 3. It follows from (5.1) that H2(G, V ) = V g = Fp (the trivial
module). Thus the natural map H2(Z/pZ, V g) → H2(Z/pZ, V ) is an
isomorphism. But the inner product on V vanishes when restricted to
V g. This implies the statement. 
Theorem 5.10. Any irreducible reflection group over Fp with p ≥ 3
gives rise to a unique reflection category up to twisting, except possibly
for the cases indicated in the Table 3. If G = O2(3, p), the set of
reflection fusion categories up to twisting is a non-empty torsor over
Fp.
G O2(3, p), p > 3 O2(5, 3) O2(7, 3) O
−
2 (8, 3)
H2(G, V ) Fp F3 F3 F
2
3
Table 3. Irreducible reflection groups over Fp with non-
trivial H2(G, V ).
Proof. It follows from Theorem 4.3 that G ⊂ O(V,Q) is an irreducible
orthogonal reflection group. Hence G is one of the groups of Theorem
3.7 or a Tambara-Yamagami fusion category.
By Lemma 5.7 and Lemma 5.8, we have that H2(G, V ) = 0, except
for O2(3, p) (p > 3), where H
2(Oi(V,Q), V ) = Fp. It follows from
Corollary 5.3 that in all cases where H2(G, V ) = 0, B is unique up to
twisting by elements in H3(G, k×).
Let G = O2(3, p). By Lemma 5.8, for any M ∈ H2(G, V ) = Fp the
fourth obstruction O4(M) is zero. Hence the set of twisting classes of
reflection categories B = ⊕g∈GBg over Vec(V,Q), is a non-empty torsor
over Fp. 
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G dimFp(V ) Restriction on p > 2 or n
An,p n > 0 p 6 | n + 1
Bn,p n > 2
Dn,p n > 3
E6,p 6 p ≥ 5
E7,p 7
E8,p 8
F4,p 4
I2,p(d) 2 d|p − 1 if I2,p(d) ⊂ O+(2, p), and
d|p+ 1 if I2,p(d) ⊂ O−(2, p).
Hζ3,p 3 p > 5, p
2 − 1 ≡ 0 mod 5
Hζ4,p 4 p > 5, p
2 − 1 ≡ 0 mod 5
An,p
n ≥ 3 p|n+ 1
O±(2n, p) 2n
O(2n+ 1, p) 2n+ 1
O(2n+ 1, p) 2n+ 1
O±i (2n, p),
(i = 1, 2)
2n If p = 3 then n 6= 8.
O±i (2n + 1, p),
(i = 1, 2)
2n+ 1 If i = 2 and p = 3, then n 6= 5, 7
Table 4. Irreducible reflection fusion categories over Fp
up to twisting by elements in H3(G, k×).
Remark 5.11. The condition that Inv(B) = Inv(Be) in the definition
of a reflection category can be relaxed without significantly changing
the theory. Namely, let B be a crossed G-category with Be pointed
and Inv(Be) = V an elementary abelian p-group. Let us call B a
generalized reflection category if it is tensor generated by objects of
Frobenius-Perron dimension 1 and
√
p. Then the theory of generalized
reflection categories is the same as that of reflection categories, except
that the corresponding map G → Pic(B) = O(V,Q) does not have to
be injective, so the corresponding reflection group is not G but the
image G of G in O(V,Q). Of course, in this situation we can easily
have a nontrivial squaring map β : H2(G, V ) → H4(G, k×), so the
classification of irreducible generalized reflection categories is somewhat
less explicit than that of reflection categories: up to twisting, they are
parametrized by L ∈ H2(G, V ) such that β(L, L) = 1.
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6. Appendix: Classification of extensions of pointed
fusion categories associated to elementary abelian
p-groups, p > 2.
By Pavel Etingof
6.1. Introduction and the main results. Let k be an algebraically
closed field of characteristic zero, A be a finite abelian group, A∗ :=
Hom(A, k×), and VecA be the fusion category of A-graded k-vector
spaces. Recall that by [ENO05, Corollary 1.2], the Brauer-Picard
group BrPic(VecA) is naturally isomorphic to the orthogonal group
O(A ⊕ A∗, q) of automorphisms of A ⊕ A∗ preserving the quadratic
form q(a, f) = f(a).
Assume now that A has odd order. Let G be a group (not necessarily
finite) and c : G→ O(A⊕A∗, q) be a homomorphism. Then q defines a
unique G-invariant symmetric bicharacter β on A⊕A∗ valued in roots
of unity of odd order such that
(6.1) β(x, y)2 = q(x+ y)/q(x)q(y);
namely, β((a1, f1), (a2, f2)) = (f1(a2)f2(a1))
1/2. Hence c defines a canon-
ical action of G on the braided tensor category Z(VecA) = (VecA⊕A∗ , β)
(the Drinfeld center of VecA). In other words, the first obstruction
O3(c) ∈ H3(G,A⊕A∗) to constructing an extension of VecA by G au-
tomatically vanishes, and there is a canonical choice of the element M
in the corresponding H2(G,A ⊕ A∗)-torsor to go to the next step of
the process (see [ENO05, Sections 7,8]). This also follows from the fact
that H i(O(A⊕ A∗, q), A ⊕ A∗) = 0 for i > 0, since −Id ∈ O(A⊕ A∗)
acts by −1 on A⊕A∗.
Recall also that if C is a faithful G-graded tensor category over k
and ω ∈ H3(G, k×) then one can define a faithful G-graded tensor
category Cω obtained by twisting C by ω. This is done by multiplying
the associativity morphism αX1,X2,X3 by ω˜(g1, g2, g3) for any g1, g2, g3 ∈
G and Xi ∈ Cgi, i = 1, 2, 3, where ω˜ is a 3-cocycle representing ω. Note
that Cω does not depend on the choice of ω˜ and uniquely determines
ω.
Our first main result is the following theorem.
Theorem 6.1. Let p be an odd prime and A be an elementary abelian
p-group (i.e., a vector space over Fp). Then
(i) the second obstruction O4(c,M) ∈ H4(G, k×) vanishes. In other
words, there is a canonical G-extension C of VecA induced by c, defined
up to twisting by an element ω ∈ H3(G, k×);
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(ii) G-extensions of VecA, up to twisting by ω ∈ H3(G, k×), are in
natural bijection with elements L ∈ H2(G,A⊕A∗) such that β(L, L) ∈
H4(G, k×) vanishes.
Here β(L, L) denotes the composition of the bicharacter β with the
cup product in the cohomology of G.
The second main result concerns G-crossed categories. Namely, let
(B, q) be a finite abelian group of odd order with a non-degenerate
quadratic form q, and let Vec(B,q) be the corresponding pointed braided
fusion category over k via the Joyal-Street theorem (see [EGNO15b,
Subsection 8.4]). Then, similarly to the above, we have a canonical
bicharacter β on B satisfying (6.1). Recall (see e.g. [DN13], Theorem
4.3 or Proposition 5.14, Example 5.16) that Pic(Vec(B,q)) = O(B, q),
the orthogonal group of (B, q). Thus, for any group G and a homomor-
phism c : G→ O(B, q) we have a canonical action of G on the braided
category Vec(B,q). That is, the obstruction O3(c) ∈ H3(G,B) to con-
structing a G-crossed extension of B vanishes, and there is a canonical
choice of M in the corresponding torsor over H2(G,B) (see [ENO05],
Subsections 7.6, 7.8). The second obstruction O4(c,M) to constructing
a G-crossed extension is then an element of H4(G, k×) (see [ENO05],
Subsection 7.8).
Recall also that similarly to usual G-graded extensions, G-crossed
extensions of VecB,q form a torsor over H
3(G, k×), i.e., can be twisted
an element ω of this group, B 7→ Bω.
Our second main result is the following theorem.
Theorem 6.2. Let p be an odd prime and B be an elementary abelian
p-group. Then
(i) the second obstruction O4(c,M) ∈ H4(G, k×) vanishes. In other
words, there is a canonical braided G-crossed extension B of Vec(B,q)
induced by c, defined up to twisting by an element ω ∈ H3(G, k×);
(ii) G-crossed extensions of Vec(B,q), up to twisting by ω ∈ H3(G, k×),
are in natural bijection with elements L ∈ H2(G,B) such that β(L, L) ∈
H4(G, k×) vanishes.
Note that Theorem 6.1 is a special case of Theorem 6.2, since the
problem of constructing a G-extention of VecA is equivalent to the
problem of constructing a G-crossed extension of the Drinfeld center
of VecA.
2
The proof of Theorems 6.1, 6.2 is based on the result of Fiedorow-
icz and Priddy [FP78] on the vanishing of the stable cohomology of
orthogonal groups over a finite field with coefficients in a field of the
2I am grateful to D. Nikshych for this remark.
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same characteristic. However, we expect that these theorems can also
be proved by directly computing the obstruction O4 without using the
results of [FP78], and that they actually hold for any finite abelian
group A of odd order.
Acknowledgements. I am grateful to D. Nikshych and V. Ostrik
for useful discussions. This work was supported by the NSF grant
DMS-1502244.
6.2. Proofs of Theorems 6.1 and 6.2.
6.2.1. Proof of Theorem 6.1. Let O(2n, p) be the split orthogonal group
over Fp in dimension n. Also let k
×
p be the group of elements of k
×
whose order is a power of p. The proof of Theorem 6.1 is based on the
following proposition, which is an immediate consequence of [FP78],
Theorem 4.6(d).
Proposition 6.3. Let i > 0. If p is an odd prime then there exists n0
such that for n ≥ n0 one has H i(O(2n, p), k×p ) = 0.
Now we can prove Theorem 6.1(i). Let A = Fmp , and for n ≥ m, let
cn : G→ O(2n, p) be the composition of c = cm with the natural inclu-
sion O(2m, p) →֒ O(2n, p) (induced by replacing A by A⊕Fn−mp ). Sim-
ilarly, let Mn be the canonical choice of the element of the torsor over
H2(G,F2np ) (so Mm = M). This choice determines the fusion ring Rn
of the extended category, and Rn = R⊗Z[Fn−mp ], where R = Rm (with
the natural basis of the tensor product). Thus O4(c,M) vanishes if an
only if so does O4(cn,Mn). Indeed, any categorification of R defines a
categorification of Rn (by tensoring with VecFn−mp ), and vice versa. But
O4(cn,Mn) is pulled back from an element of H
4(O(2n, p), k×), which
by Theorem 8.16 of [ENO05] in fact lies in H4(O(2n, p), k×p ). Also, by
Proposition 6.3, the group H4(O(2n, p), k×p ) is trivial for sufficiently
large n. This implies that O4(cn,Mn) vanishes for sufficiently large n,
hence O4(c,M) vanishes, as desired.
Part (ii) of Theorem 6.1 now follows from [ENO05], Proposition 8.13
and Proposition 8.15.
6.2.2. Proof of Theorem 6.2. Theorem 6.2 follows from Theorem 6.1.
Namely, the obstruction O4(c,M) to constructing a G-crossed exten-
sion of Vec(B,q) is the same as the obstruction O4(c,M) to constructing
a usual G-extension of VecB, which vanishes by Theorem 6.1(i). This
proves Theorem 6.2(i).
Part (ii) of Theorem 6.2 now follows in the same way as part (ii) of
Theorem 6.1.
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